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This paper models the breakage of large aspect ratio particles in an attrition cell using discrete element 
method (DEM) and population balance (PB) models. The particles are modeled in DEM as sphero-
cylinders. The stresses within each particle are calculated along the particle length using beam theory 
and the particle breaks into two parts if the stress exceeds a critical value. Thus, the size distribution 
changes with time within the DEM model. The DEM model is validated against previously published 
experimental data. 
The simulations demonstrate that particle breakage occurs primarily in front of the attrition cell blades, 
with the breakage rate decreasing as the particle sizes decrease. Increasing the particle elastic modulus, 
decreasing the particle yield strength, and increasing the attrition cell lid stress also increase the rate of 
breakage. Particles break most frequently at their center and the daughter size distribution normalized by 
the initial particle size is ft well with a Gaussian distribution. Parametric studies in which the initial par-
ticle size distribution varies demonstrate that the particle sizes approach a distribution that is indepen-
dent of the initial state after a suffcient amount of work is done on the particle bed. A correlation for the 
specifc breakage rate is developed from the DEM simulations and used within a PB model along with the 
daughter size distribution ft. The PB model also clearly shows that the particle size distribution becomes 
independent of the initial size distribution and after a suffciently long time, is ft well with a log-normal 
distribution. 
 2019 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license 
(http://creativecommons.org/licenses/by-nc-nd/4.0/). 
1. Introduction 
The physical properties of an active pharmaceutical ingredient 
(API) are determined to a large degree by the API’s particle size dis-
tribution (PSD). Changes in the PSD during manufacturing can lead 
to unwanted powder behavior and impact the drug product qual-
ity. While a desirable PSD can be obtained through a carefully 
designed crystallization process, subsequent unit operations, such 
as agitated flter drying, can cause an uncontrolled change in the 
PSD due to particle breakage and degradation (Lekhal et al., 
2004; Lekhal et al., 2004). Compounding the issue, API crystals 
are frequently needle-shaped (MacLeod and Muller, 2012; 
MacLeod and Muller, 2012), which increases their probability of 
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breakage (Hua et al., 2015; Hua et al., 2015). Thus, predicting and 
controlling the breakage of needle-shaped API particles during pro-
cessing is an important issue for the pharmaceutical industry. 
Experimental studies on this topic have been successful at pre-
dicting the overall bulk behavior, but give little information on 
particle-level dynamics. Particle-level information, which can be 
obtained from computational models, is essential for properly 
understanding the breakage phenomenon. In this article a discrete 
element method (DEM) breakage model is developed for high 
aspect ratio, needle-shaped particles modeled using sphero-
cylinders. This model is applied to an agitation cell geometry to 
examine the effects of initial particle aspect ratio, material proper-
ties, and operating conditions on the PSD, internal particle stresses, 
location of breakage events, and specifc particle breakage rates 
and resulting daughter particle size distributions. A simple popula-
tion balance model is also proposed using the DEM-measured 
information to predict the PSD for extended run times. 
https://doi.org/10.1016/j.cesx.2019.100027 
2590-1400/ 2019 The Authors. Published by Elsevier Ltd. 
This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/). 
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2. Background 
2.1. Experimental attrition studies 
A number of experimental studies have been performed to pre-
dict particle size reduction due to attrition or particle breakage in a 
cylindrical agitated cell. Lekhal et al. (2003, 2004) investigated the 
mean particle size reduction within an agitated flter dryer (AFD) 
for cubic crystals of KCl and needle-shaped crystals of L-
threonine. They found that particle size reduction only became sig-
nifcant when the material was nearly dry. They also observed that 
the particle size approached a constant value after a large time as 
crystals became suffciently small and the applied loads were no 
longer suffcient to continue breakage. 
Using an industrial-scale AFD to perform experiments can be 
both expensive and tedious. In addition, traditional lab scale drying 
equipment has been unsuccessful in producing the same attrition 
and agglomeration behavior as an AFD since the stresses experi-
enced by the material are an order of magnitude smaller at the 
lab scale. Lamberto et al. (2011) overcame this limitation by using 
a small agitation cell with a load applied on the particle bed to 
mimic the weight of overlying material. They utilized the reduction 
in the mean particle size to characterize attrition sensitivity and 
ranked materials as being hard, medium, or easy to break. This 
classifcation was then used as a guide to predict attrition at larger 
scales. AmEnde et al. (2013) used a similar experimental setup to 
rank material breakage propensity and examined the effects of 
operating parameters on particle attrition. Remy et al. (2015) built 
on these studies and described a new methodology to examine the 
degree of attrition during scale-up. Remy et al. reported that parti-
cle attrition of wet API powders was signifcantly smaller than 
what was observed for dry powders. They also observed that the 
mean particle size correlates well with the work done by the 
impeller blade on the powder bed. 
In addition to an agitation cell, previous studies have also uti-
lized shear cells to investigate multi-particle attrition. Neil and 
Bridgwater (1994) and Ghadiri et al. (2000) related the extent of 
attrition to the applied normal stress and shear strain while 
Potapov and Campbell (1997) proposed a relationship between 
the extent of attrition and the work done on the sheared particle 
assembly. 
2.2. Computational attrition studies 
DEM computational modeling has been a popular tool for 
studying particle breakage. However, most previous studies have 
used spherical particles instead of using more realistic particle 
shapes in order to reduce the computational time required for 
complex particle contact detection. Hare et al. (2011) introduced 
a combined DEM and experimental approach for predicting the 
extent of breakage in agitated particle beds using spherical parti-
cles. They combined their DEM normal stresses and shear strains 
with the correlation of Neil and Bridgwater (1994) to predict the 
extent of attrition within the bed. In this study, actual particle 
breakage was not considered directly in the DEM model and, thus, 
can only be applied to systems with a small amount of breakage 
since the DEM model did not account for changes in particle bed 
behavior due to changes in the PSD. 
DEM simulations that do incorporate complex shapes generally 
utilize a bonded-sphere approach, which provides the fexibility to 
generate a wide variety of particle shapes and exploits simple 
sphere-sphere contact detection. However, the bonding of individ-
ual spheres causes artifcially rough particle surfaces (Guo et al., 
2012), smaller coeffcients of restitution (Kodam et al., 2009), and 
increased computational costs. Grof et al. (2007) and Grof et al. 
(2011) used a combined DEM and population balance modeling 
(PBM) approach to study the breakage of needle-shaped particles 
modeled using the bonded-sphere method. They observed that 
particle breakage generally occurred at the mid-point of the 
needle-shaped particles, regardless of their aspect ratio. Guo 
et al. (2017) used a fexible bonded-sphere model to predict the 
breakage of needle-shaped particles in an agitation cell. They found 
that the particle breakage rate increased as the applied lid pres-
sure, impeller rotational speed, particle-particle friction, and 
particle-wall friction increased. They also observed that the extent 
of breakage per impeller revolution was independent of the impel-
ler rotational speed and breakage was a function of the work per-
formed on the particle bed. This latter fnding is consistent with 
the previous experimental observation by Remy et al., 2015. 
Another geometry that is utilized to model needle-shaped 
particles is the sphero-cylinder, shown in Fig. 1. This shape consists 
of a cylinder with two hemispherical caps at the ends, which simpli-
fes contact detection as there are no sharp edges to address. Several 
DEM studies have utilized sphero-cylinders to model needle-
shaped particles for various applications (Pournin et al., 2005; Hua 
et al., 2013; Langston et al., 2015; Kumar et al., 2018). In their 
DEM study, Hua et al. (2015) utilized sphero-cylinders to calculate 
the internal load and moment distributions within needle-shaped 
particles in a vertical axis mixer. They observed that the maximum 
internal particle stress occurs along the particle circumference at 
the mid-plane, indicating that needle-shaped particles are more 
prone to breakage at their center. Actual particle breakage, however, 
was not considered in their study. Therefore, changes to the loading 
state of particles as the PSD changes was not examined. 
In this article, a DEM breakage model is proposed for needle-
shaped particles using smooth sphero-cylinders. A breakage crite-
rion is implemented such that the particle breaks at the point 
where the tensile or shear stress exceeds the material yield 
strength. The breakage model is validated by comparing simulation 
and published experimental results for the breakage of chalk sticks 
in a cylindrical uni-axial compression cell. The breakage model is 
then used to predict the breakage of needle-shaped particles in 
an agitation cell. The infuences of particle initial aspect ratio, lid 
stress, blade rotational speed, particle yield strength, and particle 
elastic modulus on the resulting particle aspect ratio, internal par-
ticle stress, breakage event location, particle breakage rates, and 
daughter particle length distributions are examined. Lastly, a pop-
ulation balance model is used to predict particle aspect ratio distri-
butions for longer run times. 
3. DEM model description 
An in-house DEM code is developed to predict the dynamics 
and breakage of large aspect ratio particles. The DEM simulation 
visualization is done in OVITO v2.9 (Stukowski, 2009). This section 
describes the important aspects of this model, including the force 
models, particle breakage criteria, model validation, the population 
balance model (PBM), and system geometry. 
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3.1. Force models 
The contact force depends on the local geometry of the contact. 
There are two approaches for incorporating the contact geometry 
that have been proposed: (i) using a force model that is a function 
of the overlap volume (Nassauer and Kuna, 2013), and (ii) using a 
force model that is a function of the contact area (Kumar et al., 
2018). From a comprehensive investigation of the infuence of 
force models on various aspects of DEM modeling, it is revealed 
that for cohesionless sphero-cylinders a simplistic model, such as 
the Hertzian force model, can be used for force calculations 
(Kumar et al., 2018). The DEM Hertzian elastic normal force 
(Johnson, 1985) coupled with a nonlinear dissipative model 
(Tsuji et al., 1992) is used to calculate the normal force for 
particle-particle and particle-boundary interactions. The DEM nor-
mal force is calculated using, 
d3=2 _ d1=4 ð1ÞFn ¼ kn þ bn nn dn pffiffiffiffiffiffi 
where dn is the maximum contact overlap, kn ¼ 43 Eeq Req is a stiff-qffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi 
5knMeqness constant, bn ¼  logðeÞ is a dissipation constant with 2ðlogðeÞÞ þp2 
_e being the coeffcient of restitution, and dn is the relative velocity in 
the normal direction of the contact. The equivalent elastic modulus h i 1ð1 m21 Þ ð1 m22Þis Eeq ¼ þ where E and m are the elastic modulus and E1 E2 
Poisson’s ratio, Req ¼ R1R2 is the equivalent radius with R being the R1þR2 
particle hemisphere radius, and Meq ¼ M1M2 is the equivalent massM1þM2 
with M being the particle mass. The subscripts 1 and 2 refer to the 
two particles (or boundary) in contact. 
The DEM tangential force is based on Mindlin-Deresiewicz the-
ory (Mindlin and Deresiewicz, 1953; Thornton and Yin, 1991). 
When the tangential force exceeds Coulomb’s friction force 
(ljFnj), sliding friction occurs, where l is the sliding friction coef-
fcient and Fn is the instantaneous normal force. The DEM tangen-
tial force is calculated as, 
_Ft ¼ kt d1=2dt þ bt dt d1=4 ð2Þn n pffiffiffiffiffiffi 
where dt is the relative tangential displacement, kt ¼ 8Geq Req is a 
stiffness constant with effective shear modulus h i 1 
Geq ¼ ð2 m1Þ þ ð2 m2Þ where G is the particle shear modulus,G1 G2 qffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi 
ð10=3ÞktMeqbt ¼  logðeÞ is a dissipation constant, and dt is the rela-2 _ ðlogðeÞÞ þp2 
tive velocity in the tangential direction of the contact. 
3.2. Particle breakage criterion 
There are two important breakage mechanisms: (i) chipping, 
where small pieces are chipped off the particle’s edges and sur-
faces, and (ii) fragmentation, where the larger particles are cleaved 
into smaller pieces. Prior studies (MacLeod and Muller, 2012; 
Remy et al., 2015) have observed that in agitated systems, frag-
mentation is the main breakage mechanism for large aspect ratio, 
needle-shaped particles. 
In this work, sphero-cylinders are used to model needle-shaped 
particles and fragmentation is the particle breakage mechanism. 
Fig. 2a shows multiple imaginary breakage planes perpendicular 
to the particle axis. The forces and moments on an ith internal 
breakage plane segmenting a particle (Fig. 2b) are calculated utiliz-
ing Newton’s second law and Euler’s equation of motion, as 
described by Hua et al. (2015). The forces and moments on the 
other segment of the breakage plane are equal and opposite in sign 
to the frst segment according to Newton’s third law (Fig. 2c). For a 
beam with circular cross-section of radius R, the relations 
Fig. 2. Particle breakage methodology: (a) multiple imaginary breakage planes 
within the particle at which the particle can break; (b) a general ith breakage plane 
out of n breakage planes; (c) the forces and moments acting on the breakage plane, 
which are calculated using the algorithm described by Hua et al. (2015); (d) two 
daughter sphero-cylinders resulting from the breakage of a parent sphero-cylinder. 
(Hibbeler, 2005) for the magnitudes of the normal stress, ri, and 
shear stress, si at the ith breakage plane are, 
ri ¼ Ni þ jMijR ; rmax ¼ maxðriÞ ð3ÞAcs I 
si ¼ 4jVij þ jTi jR ; smax ¼ maxðsiÞ ð4Þ3Acs Ip 
where Ni is the normal force, Mi is the bending moment, Vi is the 
shear force, Ti is the twisting moment, Acs ¼ pR2 is the particle 
cross-sectional area, R is the particle radius, I ¼ pR4 =4 is the area 
moment of inertia, and Ip ¼ pR4 =2 is the polar moment of inertia 
(Fig. 2c). The particle breaks at the breakage plane where the max-
imum normal stress, rmax , or the maximum shear stress, smax , 
exceeds the corresponding tensile strength or shear strength, as is 
illustrated in Fig. 2d. In this study, it was observed that the proba-
bility of a particle breaking simultaneously at multiple breakage 
planes is very small (< 1%). Thus, for simplicity, a particle is 
allowed to break only at one breakage plane, i.e., at a given time 
instance a particle can break only into two pieces. In the scenario 
where the yield normal/shear stress is exceeded at more than one 
plane at a given time instance, the breakage occurs at the plane 
with the largest stress (normal/shear) magnitude. Note that when 
a sphero-cylinder breaks, the sharp breakage ends are capped with 
hemispheres such that the resulting daughter particles are also 
sphero-cylinders, as shown in Fig. 2d. As a result of this capping, 
there is a small mass loss (< 3% of the initial mass) at the breakage 
plane for particles with an aspect ratio of ten or larger. The mass 
loss due to capping is assumed to result in the production of fnes 
that would percolate through the bed and have little impact on 
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attrition rates there will be more fnes generation and this could 
reduce the fowability of the material. However, this phenomenon 
is out of scope of this study, as the systems considered here have 
low attrition rates. 
A single particle, three-point bending test was performed to 
verify the breakage model (Fig. 3a). In this fgure, Fc is the applied 
force and lh is the distance between the point of application of the 
applied force and the support of the three-point bending setup. A 
comparison of the dimensionless bending moments between the 
simulation and the analytical solution (Popov, 1999) at different 
breakage planes is shown in Fig. 3b. The numerical bending 
moments match well against the analytical bending moments. 
Although not shown here, the shear force at different cutting 
planes also matched well with the analytical results. 
An optimal number of breakage planes should be used so that 
the DEM results are independent of the number of breakage planes 
while the simulations run in reasonable computational times. To 
examine the effect of the number of breakage planes, DEM simula-
tions of uni-axial compression in a cylindrical container were per-
formed. A uni-axial compression setup was chosen for this study 
since the same system was used for the model validation in which 
chalk sticks are compressed in a cylinderical cell, as explained in 
Section 3.3. Fig. 4a and b show snapshots from the uni-axial com-
pression simulation before and after compression, respectively. 
The simulation parameters and material properties used in these 
DEM simulations are listed in Table 1. These parameters were cho-
sen so that they match with the experiments (Section 3.3) used for 
the model validation. The load on the lid and the resulting daugh-
ter particle length distributions are compared for different num-
bers of breakage planes. Fig. 5a plots the load on top of the 
particle bed for the different number of breakage planes. The load-
ing curve for unbreakable particles (zero breakage planes) is signif-







The parameters used in the validation simulations and their values. 
Parameter Values 
Particle length, L 80 10 3 m 
Particle diameter, D 10 10 3 m 
Particle aspect ratio, AR ¼ L=D 8 
Particle density, q 1570 kg/m3 p 
Cylinder diameter, Dc 0.20 m 
Particle elastic modulus, Ep 527:6 106 Pa 
Particle Poissons ratio, mp 0.30 
Boundary elastic modulus, Eb 1:0 109 Pa 
Boundary Poissons ratio, mb 0.30 
Particle-particle sliding friction coeffcient, l 0.624pp 
Particle-cylindrical boundary sliding friction coeffcient, l 0.35pc 
Particle-fat boundary sliding friction coeffcient, lpf 0.40 
Particle-particle coeffcient of restitution, epp 0.95 
Particle-boundary coeffcient of restitution, epb 0.90 
Particle yield strength, rY 3:99 106 Pa 
number of breakage planes and are identical to each other. The 
daughter particle length distributions are plotted after a lid dis-
placement of 70 mm, to match the displacement in the validation 
experiments. The distributions of the daughter particle length to 
initial particle length collapse over each other if the breakage plane 
interval is less than or equal to the particle diameter, as can be seen 
in Fig. 5b. Therefore, in all of the remaining DEM simulations per-
formed for this study, the distance between breakage planes used 
within a particle is set equal to the particle radius. 
3.3. DEM breakage model validation 
The DEM breakage model was validated by comparing uni-axial 
compression experiment results and DEM predictions. Snapshots 
Fig. 3. Three-point bending test to verify the particle breakage model: (a) front-view of the three-point bending test on a sphero-cylinder; (b) comparison of dimensionless 
bending moment between the simulation and analytical beam bending relations (Popov, 1999) at different breakage planes. 
Fig. 4. Uni-axial compression in a cylindrical container: (a) a snapshot from the DEM simulation before compression; (b) a snapshot from the DEM simulation after 
compression with the particles colored according to their aspect ratio (red = maximum aspect ratio and blue = the minimum aspect ratio); (c) experimental uni-axial 
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Fig. 5. DEM simulation of uni-axial compression to fnd the optimal number of 
breakage planes: (a) load applied on the top of the particle bed as a function of lid 
displacement for different breakage plane intervals; (b) distributions of daughter 
particle length to initial particle length corresponding to the lid displacement of 
70 mm for different breakage plane intervals. 
of the uni-axial test DEM simulation before and after compression 
are shown in Fig. 4a and b, respectively. The uni-axial compression 
experiment, performed by Guo et al. (2017), is shown in Fig. 4c. The 
experiment is performed using 300 identical, cylindrical black-
board chalk sticks. The simulation parameters and the measured 
material properties are provided in Table 1. The DEM simulations 
follow the same procedure as the experiments. Particles are frst 
generated at random positions with random orientation and are 
gently allowed to deposit under gravity. The particle bed is then 
slowly compressed using a lid moving downwards at a constant 
speed. 
The load applied on top of the particle bed is plotted as a func-
tion of the displacement of the lid in Fig. 6. In the loading process, 
the load is increased to 1025 N by moving the lid downward at a 
constant speed. The loading values obtained from the DEM simula-
tion are in good agreement with the experiment. A comparison 
between the daughter length distribution obtained from the simu-
lation and the experiment under a compression load of 1025 N is 
given in Fig. 7. The scatter bars in the plot are obtained by repeat-
ing the simulation fve times with different initial particle spatial 
and orientation confgurations. The distribution of the daughter 
particle length to initial particle length has a mode occurring at 
0.5, indicating that the particles are most likely to break at their 
midpoint. This result has been observed in previous work (Grof 
et al., 2007; Hua et al., 2015; Guo et al., 2017). The distributions 
obtained from the simulation and the experiment look similar, 
although the simulations overpredict the number of breakage 
events at the midpoint. The difference in the results is attributed 
Fig. 6. Comparison between simulation predictions and the experimental results of 
the load applied to the top of the particle bed as a function of lid displacement. 
Fig. 7. Comparison of the daughter particle length distributions between the 
simulation and the experiment, corresponding to a load of 1025 N. The scatter bars 
represent one standard deviation obtained from fve simulations and three 
experiments with different initial confgurations of the particle bed. 
to the presence of small air pockets in the chalk that can result 
in heterogeneous material properties (Thakur et al., 2017) and 
increased breakage at non-midpoint locations. 
3.4. Population balance modeling 
Population balance modeling can be used as a tool to predict the 
particle breakage in large-scale systems by utilizing particle break-
age information from small-scale DEM simulations or experiments. 
The rate of change of particle mass in a given particle size class due 
to breakage can be determined using a population balance model 
(Rhodes, 2008). In this study, the size class refers to the parent par-
ticle aspect ratio. The rate of mass change in the size class i can be 
expressed in terms of the rate of change of particle number as, 
XdNiðtÞ i 1 ¼  SiNiðtÞ þ  bijSjNjðtÞ ð5Þdt 
j¼1 
where Ni is the number of particles of size class i, particle specifc 
breakage rate Si is the probability of a particle of size i being broken 
in unit time, and the daughter distribution function bij is the fraction 
of breakage products from size class j > i that fall into size class i. The 
frst term on the right hand side of Eq. (5) represents the death term, 
which is the rate at which particles of size class i break. The second 
term represents the birth term, which is the generation rate of par-
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j > i. Population balance modeling has been widely employed to 
predict the breakage of large aspect ratio needle-shaped crystals. 
Sato et al. (2008) developed a two-dimensional (considering particle 
width and length) population balance model for their experiments 
to predict the breakage of large aspect ratio needle-shaped crystals 
in an agitated bed. Grof et al. (2011) developed a population balance 
model and utilized combined computational and experimental 
methods to determine the specifc breakage rates and daughter dis-
tribution functions to predict the breakage of needle-shaped crystals 
undergoing uni-axial compression. 
The parameters Si and bij are generally assumed to be constants 
in PB models. However, in this study, as there is actual particle 
breakage implemented within the DEM code, the time-dependent 
values of parameters Si and bij are readily available from the 
DEM simulations. The specifc breakage rate Si is expressed as, 
Si ¼ DNi=ðNi DtÞ ð6Þ 
and the daughter distribution function bij is expressed as, 
j=2 X 
bij ¼ Dij= Dkj ð7Þ 
k¼1 
where Dij is the number of breakage events from size class j into size 
class i. For binary breakage, in which two daughters are generated 
from one parent particle, the daughter distributions functions are 




¼1bi;j ¼ 2. 
3.5. System geometry 
In this study, an agitation cell similar to the one proposed by 
Lamberto et al. (2011) and Remy et al. (2015) is used. The modeled 
agitation cell consists of a cylindrical container, an impeller com-
prised of two vertical, fat blades and a shaft, and a lid with a pre-
scribed load pressing downward on the particle bed to account for 
the overlying material weight in real operations. Initially, a number 
of particles with a given aspect ratio distribution are generated 
with random spatial positions and orientation within the agitation 
cell. The particles settle under gravity, after which the bed is com-
pressed by applying a fxed load on the top lid. The particle bed is 
then agitated by rotating the blades about the central shaft at a 
constant rotational speed. Particles are allowed to break only after 
a steady state is attained in the particle bed, which generally 
occurs after two blade revolutions. The DEM simulations of the agi-
tation cell before and after agitation are shown in Fig. 8a and b, 
respectively. 
4. Dimensional analysis 
The DEM simulations were used to investigate how the operat-
ing conditions and material properties affect particle breakage in 
the agitation cell. To reduce the number of parameters required 
for study, a dimensional analysis was performed and is described 
in this section. 
The simulation dimensional parameters are listed in Table 2. 
There are 19 dimensional parameters and three reference dimen-
sions (mass, length, and time), so according to the Buckingham-
Pi theorem, there are 16 dimensionless parameters that describe 
the system. The set of 16 dimensionless parameters selected here 
is given in Table 3. 
Particle breakage is caused by stresses developed within a par-
ticle resulting from particle-particle or particle-boundary interac-
tions. The measured particle stress, rp, made dimensionless by 
the particle yield strength, rY , is a function, in general, of all of 
the dimensionless parameters listed in Table 3. However, a full fac-
torial study of all 16 parameters is impractical. Instead, insight 
from previous work can help to reduce the number of parameters 
that must be investigated to determine the functional dependence. 
For example, Freireich et al. (2009) found that the coeffcient of 
restitution has little infuence on the fow kinematics in dense 
granular fows. Similarly, the Froude number has been found to 
be unimportant at the small values usually encountered in an agi-
tation cell (Hua et al., 2013). The Poisson’s ratio is embedded in the 
effective elastic modulus and, thus, is unimportant by itself and 
can be eliminated from the signifcant list of parameters, with an 
equivalent elastic modulus used in place of the usual elastic mod-
ulus. If the ratio of the cylinder diameter to particle diameter is suf-
fciently large, i.e., Dc =D 1, and the particle number is also 
suffciently large N 1, then those parameters are expected to 
play little role in determining the particle internal stress. Lastly, 
Table 2 
The parameters used in the simulations and their dimensions. 
# Parameter Dimensions 
1 Gravitational acceleration, g L=T2 
2 Particle length, L L 
3 Particle diameter, D L 
4 Particle density, qp M=L3 
5 Cylinder diameter, Dc L 
6 Blade height, B L 
7 Impeller rotational speed, x 1=T 
8 Fill mass, Mp M 
9 Particle elastic modulus, Ep M=ðLT2Þ 
10 Particle Poisson’s ratio, mp – 
11 Boundary elastic modulus, Eb M=ðLT2Þ 
12 Boundary Poisson’s ratio, mb – 
13 Particle-particle sliding friction coeffcient, lpp – 
14 Particle-boundary sliding friction coeffcient, lpb – 
15 Particle-particle coeffcient of restitution, epp – 
16 Particle-boundary coeffcient of restitution, epb – 
17 Particle yield strength, rY M=ðLT2Þ 
18 Applied lid stress, rlid M=ðLT2Þ 
19 Simulation time, t T 
Fig. 8. DEM simulation of needle-shaped, large aspect ratio particle breakage in an agitation cell: (a) agitation cell with mono-disperse particles of aspect ratio 10 before 
compression and agitation. The agitation cell is comprised of a cylindrical container, an impeller with two fat blades and a central shaft, and an upper lid; (b) particle 
breakage in the agitation cell after compression and three blade revolutions. The particles are colored according to their aspect ratio, with red corresponding to the maximum 
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Table 3 
List of dimensionless parameters for the simulations. 
# Description Dimensionless 
parameter 
1 Particle aspect ratio AR ¼ L=D 
2 Cylinder-to-particle diameter ratio Dc =D 
3 Blade height-to-cylinder diameter ratio B=Dc 
4 Impeller Froude number Fr ¼ x2 Dc =g 
5 Number of particles in the simulation Np ¼ Mp =ðcqpgD2 p LpÞ, 
where c = constant 
6 Ratio of particle elastic modulus-to-yield Ep =rY 
strength 
7 Particle Poisson’s ratio mp 
8 Ratio of boundary-to-particle elastic modulus Eb=Ep 
9 Boundary Poisson’s ratio mb 
10 Particle-particle sliding friction coeffcient lpp 
11 Particle-boundary sliding friction coeffcient lpb 
12 Particle-particle coeffcient of restitution epp 
13 Particle-boundary coeffcient of restitution epb 
14 Ratio of lid force-to-bed weight rlid D2 c =ðMpgÞ 
15 Ratio of applied lid stress-to-yield strength rlid =rY 
16 Number of impeller revolutions xt=ð2pÞ 
in the current simulations the blade dimensions, lid stress, and the 
material properties are held constant in the parametric studies, i.e., 
B=Dc ; Ep =rY ; lpp; lpb; rlidDc 
2 =ðMpgÞ, and rlid=rY are all constant. Note 
that if the simulations involve unbreakable particles, then the 
number of impeller revolutions will not be a factor at steady state. 
Thus, for unbreakable particles, 
rp =rY ¼ f AR  : ð8Þð Þ  
and for breakable particles, 
rp =rY ¼ f AR; xt=ð2pÞÞ: ð9Þð 
These results mean that the dimensionless particle stress depends 
on the particle aspect ratio regardless of the particle length and 
diameter, and it will change with the number of impeller revolu-
tions if the particles are allowed to break. 
A similar analysis can be performed to investigate the particle 
aspect ratio, AR, dependence on the other parameters. Note that 
Guo et al. (2017) comprehensively investigated the effect of 
particle-particle and particle-boundary friction on particle break-
age, so these parameters are not taken into account in the current 
study. For further simplifcation, the ratio of the boundary-to-
particle effective elastic moduli E0 b =E
0 
p is always equal to one. By 
simply changing scale and keeping the device geometrically simi-
lar, the parameter B=Dc is kept constant through all scales. In a real 
operations rlidD2 c =ðMpgÞ  1, which indicates that this dimension-
less parameter is likely also not signifcant. Finally, the aspect ratio 
distribution depends on, 
AR ¼ f E0 p =rY ; rlid=rY ; xt=ð2pÞ : ð10Þ 
A sensitivity study has been performed for the dimensionless 
parameters given in Eq. (10) and the results are presented in the 
Section 5. 
4.1. Dimensionless work done on the particle bed 
The mean particle aspect ratio in this study is expressed as a 
function of the work done on the powder bed by the impeller. This 
work is equal to xts where s is the impeller torque. It is observed 
that the impeller torque is linearly proportional to the lid pressure 
(Guo et al., 2017), rlid, so that the work done can be expressed as, 
kðxtrlidÞ, where k is a proportionality constant. Following the 
dimensional analysis and prior work (Guo et al., 2017), the work 
done is made dimensionless by the particle yield strength, rY , so  
that the dimensionless work done, W , is, 
W / xtrlid =rY : ð11Þ 
The mean and the standard deviation of the resulting aspect ratio 
distribution after breakage is expressed as a function of dimension-
less work done and is presented in the following section. 
5. Results 
The fndings from the investigation on particle breakage in the 
agitation cell are presented in this section. The frst subsection pre-
sents the temporal evolution of local particle aspect ratio and the 
location of breakage events. The effect of initial particle aspect 
ratio on particle stress distributions and the resulting aspect ratio 
distributions are presented in the second and third subsections. 
The fourth subsection discusses the effects of various dimension-
less parameters, described in Section 4, on the aspect ratio after 
a long time period. The last subsection presents the daughter par-
ticle distributions and specifc breakage rates for different parent 
particle aspect ratios and their implementation in a population bal-
ance model. 
5.1. Local particle aspect ratio, breakage events regions, and fines 
generated 
A base-case DEM simulation with mono-disperse sphero-
cylinders is performed to study the local particle aspect ratio and 
breakage events regions. The simulation parameters and material 
properties used in this simulation are listed in Table 4. Overlapping 
averaging spherical bins were used to extract data from two eleva-
tions in the particle bed, Hupper and Hlower, shown in Fig. 9a. Note 
that the feld maps are given in the blade’s frame of reference so 
that steady results are obtained. 
Fig. 9b shows the local aspect ratio maps at two different eleva-
tions after three different blade revolutions. Initially, all of the par-
ticles have an aspect ratio of 10, but as time progresses the 
particles break and the local aspect ratio decreases. Smaller parti-
cles appear near the blade due to particle breakage occurring from 
particle-blade interactions, and at the container base due to the 
Table 4 
The parameters used in the base-case agitation cell DEM simulation and their values. 
Parameter Values 
Particle length, L 20 10 3 m 
Particle diameter, D 2 10 3 m 
Particle aspect ratio, AR ¼ L=D 10 
Particle density, q 1384.3 kg/m3 p 
Cylinder diameter, Dc 0.20 m 
Blade height, B 25 10 3 m 
Shaft diameter, Dshaft 20 10 3 m 
Particle elastic modulus, Ep 1:0 106 Pa 
Particle Poisson’s ratio, mp 0.30 
Boundary elastic modulus, Eb 1:0 106 Pa 
Boundary Poisson’s ratio, mb 0.30 
Particle-particle sliding friction coeffcient, l 0.11pp 
Particle-cylindrical boundary sliding friction coeffcient, l 0.171pc 
Particle-impeller boundary sliding friction coeffcient, lpi 0.16 
Particle-fat boundary sliding friction coeffcient, lpf 0.45 
Particle-particle coeffcient of restitution, epp 0.6 
Particle-boundary coeffcient of restitution, epb 0.6 
Particle yield strength, rY 5:0 105 Pa 
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Fig. 9. Two-dimensional surface maps taken from two elevations in the particle bed: (a) the two elevations in the particle bed, Hupper and Hlower, from which the map data are 
extracted. Hupper is 20D above the base and Hlower is 4D above the base; (b) maps showing particle local aspect ratio felds for the two elevations after three different blade 
revolutions; (c) maps showing particle breakage events per unit time per unit volume for the two elevations after three different blade revolutions. 
small, out-of-plane velocity of particles at the lower elevation 
(Hua et al., 2013). This result indicates that in a real operation 
the fnes are likely to accumulate near the blade and container 
base. 
The feld maps of the number of breakage events per unit time 
per unit volume are shown in Fig. 9c. Several features are readily 
apparent from these maps. First, most particle breakage occurs 
near the blade tips at the circumference of the cylindrical con-
tainer. This result is consistent with the observations made by 
Hua et al. (2015) and the high breakage rate near the blade tips 
is also consistent with the high stress regions identifed by Hare 
et al. (2011). Second, most particle breakage occurs during the 
frst blade revolution and decreases as time increases. Similar 
observations were made by Remy et al. (2015), in which most 
of the breakage occurs during the frst few blade revolutions 
and the extent of breakage becomes small after that. In addition, 
more particle breakage occurs near the upper elevation as com-
pared to the lower one since there is a shear region between 
the blade tip and the lid, and particles in those regions have a lar-
ger probability of breakage. Also, at the lower elevation, the par-
ticle breakage almost stops at later times due to the deposition 
of smaller particles at the container bottom, which need larger 
stresses to break. 
A small amount of fnes are generated due to particle breakage 
and collect near the container base. In a real AFD operation, these 
fnes may hinder incoming dryer air that comes through the AFD 
base. In this model, the mass of fnes generated is related to the 
mass loss associated with the capping of the sphero-cylinder ends 
at the breakage plane. The cumulative percent of fnes generated 
with respect to the initial powder mass is expressed as a function 
of the dimensionless work done on the particle bed and is shown in 
Fig. 10. The mass fraction of fnes generated increases rapidly ini-
tially and becomes gradual as the number of blade revolutions pro-
gresses. This trend is due to the fact that most of the particle 
breakage happens during the frst blade revolution and then the 
number of breakage events decreases with time. 
5.2. Influence of particle aspect ratio on particle stress 
In this study, the particle stress refers to the maximum absolute 
principal stress, which is observed to occur along the particle cir-
cumference at the mid-plane of the particle (Hua et al., 2015). 
The detailed calculation of maximum absolute principal stress for 
a sphero-cylindrical particle can be found in Hua et al. (2015). 
The material properties and geometric parameters for these simu-
lations are the same as those listed in Table 4. In addition, different 
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Fig. 10. Cumulative percent of fnes generated (by mass) due to particle breakage 
expressed as a function of dimensionless work done on the particle bed. 
combinations of particle length and diameter are also used for the 
stress calculations. The stress distributions are calculated for both 
the unbreakable and breakable particles. 
The dimensionless time-averaged, steady-state particle stress 
distributions for the unbreakable particles are given in Fig. 11a. 
The stress distributions are calculated for four particle aspect ratios 
(AR = 4, 6, 8, 10) with different combinations of particle length and 
diameter for each aspect ratio, as given in Table 5. The time aver-
aging is done over three blade revolutions after steady state is 
attained, which normally occurs after two blade revolutions. Two 
important observations can be made from this plot: (i) the stress 
distributions for a given particle aspect ratio are identical regard-
less of the particle length and diameter, as expected from the 
dimensional analysis section (Section 4, Eq. (8)); and (ii) the stress 
values decrease with the particle aspect ratio as shorter particles 
have a smaller moment arm for generating internal stresses. 
For the breakable particles, particle stress depends on the parti-
cle aspect ratio as well as the number of blade revolutions. Fig. 11b 
plots the transient particle stress distributions for an initial aspect 
ratio of 10 with three different particle length and diameter com-
binations (Table 5) after four different numbers of blade revolu-
tions. This plot shows that for a given particle aspect ratio, the 
stress distributions are identical to each other regardless of the 
particle length and diameter at different simulation times, as 
expected from the dimensional analysis section (Section 4, Eq. 
(9)), and the stresses decrease as the particle mean aspect ratio 
decreases with the number of blade revolutions. The shorter parti-
cles result in smaller internal stresses because the moment arm 
Fig. 11. (a) Dimensionless time-averaged particle stress distributions for unbreakable particles using four different particle aspect ratios (AR = 4, 6, 8, 10) with three different 
combinations of particle length and diameter for each aspect ratio. The scatter bars represent one standard deviation for data averaged over three blade revolutions; (b) 
transient dimensionless particle stress distributions for breakable particles using an initial AR = 10 with different particle length and diameter combinations, at four different 
numbers of blade revolutions. 
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Table 5 
Different combinations of particle length and diameter for the four different particle aspect ratios used in the unbreakable particle stress simulations. 
Aspect ratio Length (m) Diameter (m) 
4 8 10 3; 10 10 3 ; 12 10 3 2:0 10 3; 2:5 10 3; 3:0 10 3 
6 12 10 3; 15 10 3 ; 18 10 3 2:0 10 3; 2:5 10 3; 3:0 10 3 
8 16 10 3; 20 10 3; 24 10 3 2:0 10 3; 2:5 10 3; 3:0 10 3 









•L = 20 mm, D = 2.0 mm 
·• L= 25 mm, D = 2.5 mm 
+ L = 30mm O = 3.0mm 
_) 
wtali/ay 
..._ L = 20 mm, D = 2.0 mm 
-• L = 25 mm, D = 2.5 mm 
+ L = 30 mm D =3.0 mm 
10-4 ~-------------------~ 
1~ 1~ 1~ 
10 R. Kumar et al. / Chemical Engineering Science: X 3 (2019) 100027 
becomes shorter, which is consistent with the observations made 
by Hua et al. (2015). 
These particle stress plots not only provide confdence in the 
dimensional analysis, but are also signifcant from a DEM modeling 
point of view. A smaller number of larger particles can be used to 
examine the stress behavior of shorter particles with the same 
aspect ratio, which can be used to reduce the simulation computa-
tional time. 
5.3. Influence of initial particle aspect ratio characteristics 
This section examines the effects of the initial particle aspect 
ratio distribution on the evolution of the particle aspect ratio dis-
tribution as work is done on the particle bed. The material proper-
ties and geometric parameters for these simulations are same as 
those listed in Table 4. In addition, a combination of particle length 
and diameter are used to give the same particle aspect ratio. Four 
different scenarios for initial particle aspect ratio characteristics 
are investigated here: (i) mono-disperse particles with different 
combinations of length and diameter, but a constant aspect ratio 
(AR = 10); (ii) mono-disperse particles with three different aspect 
ratios (AR = 6, 8, 10); (iii) poly-disperse particles utilizing Gaussian 
distributions with three different means (AR mean = 8, 10, 12) and 
a constant standard deviation (AR std. dev. = 2); (iv) polydisperse 
particles utilizing Gaussian distributions with three different stan-
dard deviations (AR std.dev. = 1.0, 1.5, 2.0) and a constant mean 
(AR mean = 10). 
Due to particle breakage, the mean aspect ratio decreases as the 
number of blade revolutions progresses. Fig. 12a and b plot the 
mean and standard deviation of the aspect ratio distribution, 
Fig. 12. Particle aspect ratio distribution characteristics for three different combinations of particle length (L = 20 mm, 25 mm, 30 mm) and diameter (D = 2.0 mm, 2.5 mm, 
3.0 mm) but the same aspect ratio (AR = 10): (a) particle mean aspect ratio, with cartoons depicting the particle aspect ratio at the initial and the fnal state; (b) particle aspect 
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respectively, for the frst scenario. These plots reveal that both the 
mean and the standard deviation of the resulting particle aspect 
ratio distribution are identical to each other for the same initial 
particle aspect ratio, regardless of the length and diameter combi-
nation. For the second scenario in which there are different initial 
aspect ratio particles, the means and standard deviations of the 
resulting particle aspect ratio distribution are different initially, 
but eventually collapse onto each other after a suffciently large 
number of blade revolutions. These observations, illustrated in 
Fig. 13a and b, show that the resulting particle aspect ratio charac-
teristics are independent of the initial particle aspect ratio if 
enough work is done on particles. Similar observations are made 
for the third and fourth scenarios in which, instead of mono-
disperse particles, poly-disperse particles utilizing Gaussian 
distributions with different initial aspect ratio means and standard 
deviations are used. For brevity, the mean aspect ratio and stan-
dard deviation plots are not shown here, but instead the initial 
and the resulting aspect ratio distributions after ten blade revolu-
tions are shown. Fig. 14a shows three different initial aspect ratio 
distributions with different means, but the same standard devia-
tions. Fig. 14b shows three different initial aspect ratio distribu-
tions with different standard deviations, but the same mean 
values. It is clear from these plots that the fnal particle aspect ratio 
distributions are identical to each other regardless of the initial 
particle aspect ratio distribution. These observations are consistent 
with the fndings of Remy et al. (2015), in which they started with 
two different initial particle size distributions in two different, but 
geometrically similar agitated systems, and obtained similar fnal 
particle size distributions. The fnal particle aspect ratio distribu-
tions are also ft well with a log-normal distribution. 
5.4. Influence of particle elastic modulus, lid stress, yield strength, and 
impeller angular speed on the resulting particle mean aspect ratio 
To study the impact of particle elastic modulus (Ep), lid stress 
(rlid), and yield strength (rY ), the results are expressed in terms 
of the dimensionless parameters Ep =rY and rlid=rY . Note that, 
when one dimensionless parameter is varied, all of the other 
dimensionless parameters are kept constant. The simulation 
parameters and material properties are listed in Table 4. Fig. 15 
shows the impact of Ep =rY on the resulting particle mean aspect 
ratio. It is observed that the particle aspect ratio decreases with 
an increase in Ep =rY . Particle stresses increase with increasing elas-
tic modulus (Hua et al., 2015) causing more breakage. Similarly, if 
the particle yield strength is reduced, a particle is more likely to 
break, even under smaller stresses. The impact of the ratio of the 
lid stress to the particle yield strength on particle mean aspect 
ratio is shown in Fig. 16. It is observed that the particle mean 
aspect ratio decreases with an increase in rlid=rY . In a real opera-
tion, if there is more overlying material or particles are more 
Fig. 13. Particle aspect ratio distribution characteristics for three different initial particle aspect ratios (AR = 6, 8, 10): (a) particle mean aspect ratio, with cartoons depicting 
the particle aspect ratio at the initial and the fnal state; (b) particle aspect ratio standard deviation, expressed as a function of dimensionless work. 
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Fig. 14. Particle aspect ratio distributions for different initial particle aspect ratio distributions, with a log-normal ft for the particle aspect ratio distributions represented by 
a blue dotted line: (a) three initial particle aspect ratio distributions with means of AR = 8, 10, and 12 and a standard deviation of AR = 2 collapsing over a single curve after 10 
blade revolutions; (b) three initial particle aspect ratio distributions with standard deviations of AR = 1.0, 1.5, and 2.0 and a mean of AR = 10 collapsing over a single curve 
after 10 blade revolutions. 
Fig. 15. Particle mean aspect ratio expressed as a function of dimensionless work 
for three different Ep =rY ratios of 2, 10, and 20. 
Fig. 16. Particle mean aspect ratio expressed as a function of dimensionless work 
for three different rlid=rY ratios of 6:57 10 4 ; 4:38 10 4, and 3:29 10 4. 
friable, then there will be more breakage, as expected. Another 
important observation from Figs. 15 and 16 is that the slope of 
all of the curves are generally constant. It may be possible to 
develop correlations for the infuence of these dimensionless 
parameters if a wider range of values is considered. 
Fig. 17 demonstrates the infuence of impeller rotational speed 
on the resulting particle mean aspect ratio expressed as a function 
of amount of work done on the particle bed. It is found that the 
extent of breakage per impeller revolution is independent of the 
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Fig. 17. Particle mean aspect ratio expressed as a function of dimensionless work 
for three different blade rotational speeds (x ¼ 30 RPM, 45 RPM, and 60 RPM). 
ticle breakage, at least over the rotation speeds investigated, is a 
function of blade displacement or the work done rather than the 
rotational speed, a result that has also been observed by Hare 
et al. (2011), Remy et al. (2015) and Guo et al. (2017). Note that 
at larger impeller rotational speeds, the stresses are anticipated 
to be a function of the impeller speed, with breakage rate increas-
ing with impeller speed. However, in practice, agitated flter drying 
operations typically operate at low impeller speeds. 
5.5. Particle specific breakage rates, daughter particle distribution 
functions, and population balance modeling 
The particle specifc breakage rates and daughter particle length 
distributions are the two parameters required for population bal-
ance model predictions. These parameters are obtained from the 
DEM simulations, for which the simulation parameters and mate-
rial properties are provided in Table 4. In addition, a Gaussian dis-
tribution, with an AR mean of 12 and an AR standard deviation of 
two, is used for the initial aspect ratio distribution. Note that the 
particle breakage is always binary, i.e., one parent particle always 
breaks into two daughter particles. 
To be able to utilize the breakage rate information in a popula-
tion balance model, it is important to derive a general breakage 
rate function based on the DEM breakage rates. This function can 
not only be used to predict the particle size distribution for 
extended time periods, but also for large-scale systems for which 
running a DEM simulation may not be computationally feasible. 
The dimensionless specifc breakage rate, Si , is expressed as, 
Fig. 18. Dimensionless specifc particle breakage rates (Si ) expressed as a function of dimensionless work done for fve different parent particle aspect ratios (AR = 6, 7, 8, 9, 
10): (a) Unscaled dimensionless specifc particle breakage rates; (b) dimensionless specifc breakage rates scaled using an exponential function (expð  0:5ARparent Þ) and ftted 
with a power curve (0:055ðxtrlid=rY Þ 0:5) depicted on the left y-axis. Mean dimensionless particle stress (rp =rY ) denoted by a dotted blue curve depicted on the right y-axis. 
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DN
S  ii ¼ 12NixDt r ð Þð lid=rY Þ 
where Ni is the number of particles of aspect ratio i. The breakage 
rate is normalized here by the dimensionless work rather than time. 
Fig. 18a plots S i for fve different parent aspect ratios (ARparent = 6,  7,  
8, 9, 10). It can be observed that the dimensionless specifc breakage 
rate increases with parent aspect ratio indicating that larger aspect 
ratio particles have a greater tendency to break. The breakage rate 
curves are noisy due to the limitation of using a smaller number 
of particles in the DEM simulation compared to a real system. The 
breakage curves for different parent aspect ratios are scaled by 
multiplying an (empirically-determined) exponential function, 
exp(-0.5ARparent ), to S
 
i . The scaled breakage rate curves plotted 
in Fig. 18b collapse reasonably well onto each other and 
can be ftted with an empirically-determined power function, 
0:055ðxtrlid=rY Þ  0:5. This function is used in the population balance 
model to predict the particle size distribution. Another observation 
from Fig. 18a and b is that the slope of the dimensionless breakage 
rate is initially large, then becomes increasingly smaller as the num-
ber of blade revolutions increases. This change is attributed to the 
decrease in the particle stresses in the particle bed, which changes 
rapidly initially but slows down after some time as there are more 
particles in the system after breakage to share the load and the par-
ticle sizes are smaller. The particle stress is represented by the dot-
ted blue curve in the Fig. 18b. 
The infuence of the initial particle aspect ratio on the specifc 
breakage rate is also investigated. Fig. 19a plots the scaled dimen-
sionless specifc breakage rate as a function of system mean aspect 
ratio (ARmean) for three different initial particle aspect ratio distri-
bution means (AR mean = 8, 10, 12) and an AR standard deviation 
of 2.0, with three parent aspect ratios (ARparent = 6, 8, 10) for each 
mean. Fig. 19b shows the scaled dimensionless specifc breakage 
rate as a function of system mean aspect ratio for three different 
initial particle aspect ratio distribution standard deviations (AR 
std. dev. = 1.0, 1.5, 2.0) and a mean of AR = 10, with three parent 
aspect ratios (ARparent = 6, 8, 10) for each standard deviation. It is 
observed from these plots that the breakage rates are independent 
of the initial particle aspect ratio distribution characteristics. At 
any given time instance, if the mean aspect ratio of the system is 
known, these plots can be used to obtain the specifc breakage rate 
for different aspect ratio classes. Although not shown here for 
brevity, the impact of the lid stress, particle yield strength, particle 
elastic modulus, and blade rotational speed were also investigated. 
The specifc breakage rate increases with an increase in lid stress 
and particle elastic modulus and with a decrease in particle yield 
strength and is insensitive to the blade rotational speed at the 
investigated speeds (30, 45, and 60 RPM). 
The daughter particle length distribution functions for different 
parent particle aspect ratios are shown in Fig. 20. It is observed that 
the needle-shaped particles always break in a similar way regard-
less of the parent particle aspect ratio. This self-similarity behavior 
of the daughter particle length distribution functions leads to the 
Fig. 19. Scaled dimensionless specifc breakage rates (Si expð  0:5ARparent Þ) for different initial particle aspect ratios expressed as a function of the system mean aspect ratio 
(ARmean ): (a) plots for three different initial particle aspect ratio distribution means (AR mean = 8, 10, 12) and a constant standard deviation of AR = 2, with three parent aspect 
ratios for each mean (ARparent = 6, 8, 10); (b) plots for three different initial particle aspect ratio distribution standard deviations (AR std. dev. = 1.0, 1.5, 2.0) and a constant 
mean of AR = 10, with three parent aspect ratio for each mean (ARparent = 6, 8, 10). 
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Fig. 20. Plots of daughter particle length distributions normalized by the parent 
particle length for different parent particle aspect ratios and ftted by a Gaussian 
function with mean = 0.5 and std. dev. = 0.11. 
collapse of all of the functions into one universal distribution, 
which can be ftted by a Gaussian distribution with a mean of 0.5 
and standard deviation of 0.11. A similar observation for the 
daughter distribution function was made by Grof et al. (2011) for 
needle-shaped particle breakage under compaction. The daughter 
particle length distribution functions are also found to be insensi-
tive to the material properties and operating conditions. The main 
advantage of the self-similar behavior of the daughter particle 
length distribution functions is that a single small-scale DEM sim-
ulation can be used to generate these functions, which can then be 
used to predict particle breakage in a large-scale system. 
The specifc breakage rate and the daughter particle distribution 
functions derived from the DEM simulation are used in a popula-
tion balance model (PBM) to predict particle breakage in an agita-
tion cell. Comparisons between the PBM and DEM particle aspect 
ratio distributions are shown in Fig. 21a. The PBM predictions 
match well with the DEM results, which is expected since the 
PBM specifc breakage rate and daughter size distribution are ft 
from the DEM data. The advantage of the PBM is that it can be used 
to predict the particle size distributions for extended time periods 
that are time consuming to model with DEM, as can be seen in 
Fig. 21b. Interestingly, the particle aspect ratio distribution at 





f ðx; a; bÞ ¼  pffiffiffiffiffiffi exp ð13Þ 
xb 2p 2b2 
where a and b are two parameters that are functions of the mean 
and variance of the distribution (Weisstein, 1999), with values of 
3.60 and 0.30, respectively, at a simulation time of 750 s. 
Fig. 21. Population balance modeling results: (a) comparison between the DEM and the PBM predicted particle aspect ratio distributions for four different time instances; (b) 
particle aspect distribution predictions for extended time periods utilizing the PBM, with a log-normal ft for the resulting particle aspect ratio distribution at t = 750 s. 
ˇ
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6. Conclusions 
This work presents a novel, experimentally-validated DEM 
model for investigating the breakage of large aspect ratio particles. 
What separates the current DEM model from previous ones are 
that a breakable sphero-cylinder particle model is used so that 
the change in breakage rates could be investigated during a simu-
lation. In addition, parametric studies were performed to investi-
gate the effects of particle properties (elastic modulus, yield 
strength, initial size distribution) and operating conditions (lid 
stress, impeller speed). 
Several interesting results were observed. First, the particle 
aspect ratio distribution is independent of the initial aspect ratio 
distribution after suffcient work is done on the particle bed. In 
addition, this fnal aspect ratio distribution is ft well with a log-
normal distribution. Increasing the ratio of the particle elastic 
modulus to yield strength and the lid stress to yield strength act 
to increase the rate of breakage. Changing impeller speed has little 
infuence, at least over the range of speeds investigated here. 
Another contribution of the work is that the DEM model was 
used to determine dimensionless specifc breakage rate and daugh-
ter distribution functions that were used in a population balance 
model. Unlike many PB models, the specifc breakage rate is not 
treated as a constant here since the particle size distribution, and 
thus stress feld, within the system changes with time. Predictions 
from the population balance model were used to investigate the 
long-term behavior of the system. As expected, the aspect ratio dis-
tribution is independent of the initial aspect ratio distribution and 
has a form that is ft well with a log-normal distribution. As work 
on the bed increases, the mean and standard deviation of the log-
normal function decreases, with the standard deviation decreasing 
more rapidly than the mean. 
Future work should investigate how the specifc breakage rate 
expression derived for the current attrition cell changes with scale. 
It is likely that the daughter size distribution remains the same, but 
the specifc breakage rate likely changes because the stress feld in 
the bed is likely to change. Although the constants in the specifc 
breakage rate expression are expected to change, it would be use-
ful to know if the form of the ft is still applicable. 
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